Abstract. We prove that the parity of the partition function is given by the "trace" of the Hauptmodul j * 6 (z) for Γ * 0 (6) at points of complex multiplication. Using Hecke operators, we generalize this to relate the Hecke traces of j * 6 (z) to the partition function modulo 2. We then prove that the generating function for these Hecke traces is equal to the logarithmic derivative of the level 6 Hilbert class polynomial. Finally, we give a procedure involving Hilbert class polynomials for computing the parity of the partition function, and make some speculations about the distribution of these universal polynomials modulo class polynomials.
Introduction and statement of results
A partition of a non-negative integer n is a non-increasing sequence of positive integers whose sum is n. The partition function p(n) is the number of partitions of n. Although there has been much work on the congruence properties of p(n) since Ramanujan, little is known about its parity. For example, Parkin and Shanks [10] conjectured that the partition function is even and odd equally often, i.e. lim X→∞ #{n ≤ X : p(n) is even (resp. odd)} X = 1 2 .
However, the best result in the literature (for example, see [1] and [7] ) essentially only assures that #{n ≤ X : p(n) is even (resp. odd)} X 1 2 − .
In view of these difficulties, Bringmann and Ono [3] proposed to study the congruence properties of p(n) using the properties of algebraic numbers associated to CM points (imaginary quadratic numbers). In this direction they have success for certain q-series modulo some small primes, but unfortunately p(n) escapes this approach for now. However, they proved that p(n) is the "twisted trace" of a certain Poincaré-Maass series. More precisely, let I s (x) denote the modified Bessel function of the first kind, Γ ∞ = ± 1 n 0 1 : n ∈ Z denote the translations in Γ = SL 2 (Z), and Q * d, 6 be the set of positive definite binary quadratic forms [a, b, c] = aX 2 + bXY + cY 2 with integer coefficients, a divisible by N , and discriminant −d = b 2 − 4ac, equipped with the usual action by the congruence subgroup Γ 0 (6). They define the Poincaré series P (z) by P (z) := 4π A∈Γ∞\Γ 0 (6) Im(Az) . They speculate that P (α Q ) is an algebraic number, but this has remained an open problem.
In this paper, we overcome this difficulty by proving a similar formula for the partition function modulo 2 which indeed involves algebraic integers, namely the singular moduli of the Hauptmodul j * 6 (z) on Γ * 0 (6). Before we state our results, we first recall some preliminaries and motivation.
The values of a modular function at CM points, or singular moduli, are closely related to half-integral weight modular forms. In [11] , Zagier expressed the trace of singular moduli of Klein's j-invariant of discriminant −d as the coefficient of q d of a certain modular form of weight 3/2. In Section 8 of [11] , he generalized his result by replacing the function j(z) by a modular function of higher level, namely, the Hauptmodul j * N (z) associated to the genus zero group Γ * 0 (N ) (the extension of the congruence subgroup Γ 0 (N ) by the group of all Atkin-Lehner involutions W p where p|N ).
We now recall the action of Γ 
where ω Q is the size of the isotropy subgroup of Q in Γ * 0 (N ). Note that a positive integer d is a discriminant of Q * d,N if and only if −d is a square modulo 4N . Our first result relates the parity of the partition function to the trace of singular moduli of the Hauptmodul j * 6 (z) for Γ * 0 (6), which is given by the formula generates the algebra of weakly holomorphic modular functions on Γ * 0 (6), it follows that
for some monic polynomial J m of degree m. Note that J m has integer coefficients, since all the Fourier coefficients of j *
We define the m-th Hecke trace of j *
is a sum of algebraic integers. In particular, we have that 
As a consequence of Theorem 1.2, we have the following theorem. , then we have
Remark. By Remark (2) following Theorem 1.1, every partition number p(n) appears in (5) for a unique pair of d and m satisfying the required conditions.
, this theorem expresses the parity of p(n) as a sum of algebraic integers for all positive integers n, which is not directly obvious from Theorem 1.1 in the case when N is not square-free. In Section 4, we shall make use of the fact that −d is fundamental again.
In Section 2 we prove Theorem 1.1 by considering a certain weight 3/2 modular form. In analogy with Zagier [11] , we then consider a sequence of weight 3/2 modular forms on Γ 0 (24) and their images under Hecke operators, which will imply Theorem 1.2. Theorem 1.3 will follow as a consequence. The remaining sections will be dedicated to some applications of these results.
In Section 3, we prove a formula for the generating function of the Hecke traces of a fixed discriminant in terms of the level 6 Hilbert class polynomial H d , which enables us to give a new proof of Ono's result in [9] without employing the machinery of generalized Borcherds products developed in [5] . More precisely, we prove the following theorem of Ono (see Theorem 1.1 of [9] ). Remark. Theorem 1.4 extends the mod 2 modularity of F (d; z) on Γ 0 (6), which was proved in [5] , to modularity on Γ * 0 (6). In Section 4, we show that Theorem 1.3 gives rise to a very curious procedure involving Hilbert class polynomials for computing the parity of the partition function; namely, the remainders of the polynomials J m modulo H d determine the parity of p(n). Finally, we make some speculations about the distribution of the coefficients of this set of polynomials which will shed light on the parity of p(n) from an algebraic viewpoint.
Traces of singular moduli
Motivated by Zagier, we consider the generating function
The works by Zagier [11] and Kim [6] show that g 1 is a weakly holomorphic modular form of weight 3/2 on Γ 0 (24). By definition, g 1 is in the Kohnen plus space M + 3/2 (Γ 0 (24)) ! , the space of weakly holomorphic modular forms of weight 3/2 on Γ 0 (24) whose coefficients are supported at n with −n a square modulo 24.
Here we prove that g 1 (z)η(24z) is a holomorphic modular form equal to 1 modulo 2. This will almost immediately imply the relationship between the parity of p(n) and traces of j * 6 . Proposition 2.1. We have that g 1 (z)η(24z) is a holomorphic modular form of weight 2 on Γ 0 (576) with Nebentypus χ 12 , where
Moreover, the q-series expansion of g 1 (z)η(24z) is equal to 1 modulo 2.
Proof. It is well-known that η(24z) ∈ S 1/2 (Γ 0 (576), χ 12 ), hence g 1 (z)η(24z) is a meromorphic modular form of weight 2 on Γ 0 (576) with Nebentypus χ 12 . To show g 1 (z)η(24z) is holomorphic, it suffices to prove that all the poles of g 1 (z) at cusps of Γ 0 (24) are canceled by the zeros of η(24z) there. Following the argument in [4] , g 1 (z) can be expressed as the image of a Poincaré series under the projection operator onto the Kohnen plus space M
Since the Poincaré series in consideration has a simple pole at infinity and is holomorphic at all other cusps of Γ 0 (24), the poles of its projection cannot be of order greater than 1, hence are canceled by η(24z). We refer the reader to [4] for more details of the explicit calculations.
To prove the congruence relation note that the definition of η implies that
hence it suffices to prove it for the q-expansion of g 1 (z)η(3z) 8 . We have that η(3z) 8 ∈ S 4 (Γ 0 (9)), so by the same argument as before, it follows that g 1 (z)η(3z) 8 ∈ M 11/2 (Γ 0 (72)). If we let θ 0 (z) be the classical theta-function
11 is an element of M 11/2 (Γ 0 (4)) and its q-expansion equals 1 modulo 2. Therefore, by Sturm's Theorem (see Section 2.9 of [8] for the complete statement) applied to g 1 (z)η(3z)
8 − θ 0 (z) 11 , it suffices to numerically check the first Proof. We have that g 1 (z)η(24z) ∈ M 2 (Γ 0 (576), χ 12 ) and the q-expansion of g 1 (z)η(24z) equals 1 modulo 2. By the identity
we have
Proof of Theorem 1.1. Follows immediately from Proposition 2.2.
Next, we generalize our congruence to higher order traces. Let the Kohnen plus space M + k+1/2 (Γ 0 (24)) ! be the space of weakly holomorphic modular forms of weight k + 1/2 on Γ 0 (24) whose coefficients are supported at n with (−1) k n a square modulo 24. It turns out that for every D > 0 that is a square modulo 24 there exists a unique element
Kim [6] has proved the following expression for the traces of J * m in terms of Fourier coefficients of g D 's:
where s(u, n) is the number of distinct primes that divide both u and n. Similarly, for every d ≥ 0 such that −d is a square modulo 24, there exists a unique element
! of the form
Kim [6] has proved the following astonishing symmetry between the coefficients of g D 's and
Recall that the action of Hecke operators T (p 2 ) of prime index p = 2, 3 on M + 3/2 (Γ 0 (24))
! with the usual convention that a(q) and b(q) are zero for non-integer q. We can generalize (8) as follows. 
Proof. The following proof is based on Zagier's proof of a similar symmetry between the spaces M + 3/2 (Γ 0 (4))
Using (9) and (10) we can show by induction that the action of T on M + 3/2 (Γ 0 (24)) ! and M + 3/2 (Γ 0 (24)) ! can be described as follows which by (8) and (12) equals minus the coefficient of f d |T at q D . Thus, (13) gives us the desired identity.
Proof of Theorem 1.2. Reducing (7) modulo 2 gives us
Let M be largest divisor of m that is coprime to 6. We are going to express the right hand side as the d-th coefficient the image of g 1 under an element β(M ) of the Hecke algebra which we will define recursively. Set β(1) = id and β(p) = T (p 2 ) for primes p that are not 2 or 3. We define β for powers of primes recursively by
for k ≥ 2. Finally, if n = p n i i is coprime to 6 then β(n) is defined multiplicatively as follows β(n) = β(p n i i ). Note that the order of the prime factors of n does not matter because the Hecke algebra is commutative.
By looking at the principal part, it is easy to see that
and
for a prime p that is not 2 or 3, where, as before, f r and g r are omitted whenever they are not defined. Using the congruences above and the fact that
for every positive n we show inductively that
for a square-free d ≡ −1 (mod 24). Comparing the coefficient at q d of (15) and the coefficient at q of (16) and applying Proposition 2.3 we get the following congruence
which together with Theorem 1.1 and congruence (14) gives us the desired result.
Proof of Theorem 1.3. Assuming the notations defined in the statement of the theorem, we see that Theorem 1.2 gives
An application of the Möbius inversion formula yields
Since µ takes the value ±1 at square-free integers and 0 elsewhere, the term µ( st n ) vanishes unless st n divides rad(st) = s, i.e. n is divisible by t. Letting n = wt, we get
as desired.
Hilbert class polynomial and the generating function for Tr * m
First we derive a formula for the generating function for J m (x). Recall the definition of Ramanujan's Theta-operator:
By the theory of the Theta-operator, the derivative of j * 6 (z) is a weakly holomorphic modular form of weight 2 on Γ * 0 (6). A direct calculation gives the formula
where E 2 (z) := 1 − 24 ∞ n=1 σ 1 (n)q n is the classical nearly holomorphic Eisenstein series.
Proposition 3.1. The generating function for J m (x) is equal to
Proof. The following is motivated by Asai, Kaneko and Ninomiya's [2] proof of the analogous formula for j(z) on SL 2 (Z). Since j * 6 is surjective onto the Riemann sphere C ∪ {∞}, it is equivalent to prove the following:
. By the definition of the Theta-operator, we have
On the other hand, for any non-negative integer m, (Θj *
) is the derivative of a polynomial (namely, the antiderivative of J m ) in j * 6 (x), and hence has zero constant term in its Fourier expansion (recall that Multiplying both sides of the above equation by q m and summing over all non-negative integers m, we get
Using j * 6 (z) = q −1 + m≥1 c m q m and (17), this simplifies to 6 , we define the level 6 Hilbert class polynomial to be
Remark. For fundamental discriminants −d ≡ 1 (mod 24), the factor 
Proof. Proposition 3.1 easily implies that
Substituting into the formula
we obtain the desired identity. 
Proof. The given identity follows by taking logarithmic derivatives on both sides of (19). The first statement is then clear since H d (j * 6 (z)) is a weight 0 modular form on Γ * 0 (6) whose zeros are supported at CM points of Q * d, 6 and whose only pole is at infinity. In [9] , Ono proved that if 1 < d ≡ 23 (mod 24) is square-free, then the generating function
q mn is congruent modulo 2 to a weight 2 meromorphic modular form on Γ 0 (6) with integer coefficients, namely, the logarithmic derivative of a certain generalized Borcherds product. The mod 2 modularity of F (d; z) is then used to prove results about the parity of p(
). In view of our results above, we offer a new proof of Ono's result (see Theorem 1.1 of [9] ). is even for all positive integers m coprime to 6. However, this scenario seems to be inconsistent with the numerical evidence that the parity of p(n) behaves randomly. For
